In this paper we give a general introduction to supersymmetric spin networks.
Introduction
The notion of spin networks originally was advocated by Roger Penrose in 1970s when he tried to give a quantum mechanical description of the geometry of space [1] . In his opinion, It's evident to see the importance of spin networks if we list some basic features it contains. First spin networks is a very general notion in quantum field theory in which gauge fields involve. In particular they are gauge invariant objects, in the sense that the corresponding spin network states will be solutions to the Gauss constraint naturally if we take the standard Dirac procedures to quantize the theory. As a result, it would be much easier to find the physically related subspace in Hilbert space. In path integral formulation, we can consider the functional integration on the modular space since a well-defined measure theory can be established in context of spin networks. In loop quantum gravity, they are background independent and non-perturbative objects as well.
Until now we mainly focus on SU(2) spin networks since it has important application to quantum general relativity [6, 8] 1 . However, in principle we could construct the spin networks associated to other groups or supergroups. More importantly we have a belief that they could be applied to quantum supergravity and gauge theories as well. Based on this motivation, the supersymmetric spin networks firstly was introduced in [10] and then was developed in [11] . In [10] by virtue of supersymmetric spin networks, we carry out a nonperturbative quantization of simple supergravity, in particular we find the spectrum of area operator taking a discrete form,
where l p is the Planck length and j i = n i 2 . 1 We also notice that spin networks with other Lie groups have also been discussed in some places [9] .
corresponds to the fact that tensor products of several irreducible representations can be completely decomposed into the direct sum of the irreducible representations. In hence they are invariant tensors in irreducible representations of groups and given by standard ClebschGordan (CG) theory. In the case of SU(2) spin networks, when the vertex is a tri-valent one, the decomposition of the tensor product is unique. If the edges are more than three, we then can divide the multi-valent vertex into the tri-valent vertices by making use of the intertwiner operator. At the same time, restricted by the expansion of Clebsch-Gordan series, the colors associated with edges which meet at the same vertex must satisfy some conditions consistent with these CG series. We call them admissible conditions. For instance, consider three valences with colors (a, b, c) meet at the same vertex in ordinary SU(2) spin networks, then they have to satisfy the triangle inequality and the sum of them has to be even numbers, however, in the case of Osp(1|2) then the sum can be any positive integer.
Associated with each spin network, we can obtain one number by taking the trace of corresponding matrix product of the propagators along edges in representation space, which is called the evaluation of spin networks. It has very important applications to quantum gravity. In particular when we consider the action of operators such as area and volume observables on the spin network states, it provides us a practical way to work out the spectra of these observables. In cases of SU(2) and Osp(1|2), the evaluations of spin networks, in particular the theta graphs, are discussed respectively in [12, 10] , where 6j symbols and recoupling theories play important roles.
Based on the spin network Γ(e i , v j ), we can define a spin network state, Φ f Γ (A), by means of the cylindrical function with the form
where cylindrical function f Γ refers to taking the holonomy along each edge and then contracting the holonomy matrix with the intertwiners at each vertex where edges meet. Spin network states have more advantages than loop states since they are linear independent and do form a basis of the Hilbert space, rather than loop states the space of which is over completed and contains some identities. To show the spin network states form a basis in the Hilbert space, We need solve two key problems. One is the definition of inner product of the spin network state, consequently we can show any two different spin network states are orthogonal and linear independent; the other one is the completeness of the spin network states, namely any state in Hilbert space can be expressed in terms of spin network states.
In the case of SU (2), these two problems are solved successfully mainly by virtue of the Haar measure and Peter-Weyl theorem in group theory respectively [4, 5, 6] . As a result, SU (2) spin networks plays a key role to form a linear independent basis of the Hilbert space in loop quantum gravity.
When we try to extend the notion of spin networks to the supersymmetric case, we need construct the graphs and find the rules which must be completely consistent with the representation theory of superalgebras. Following constructions of SU (2) and Osp(1|2) spin networks [4, 10] which has been recalled above, let us list some basic procedures that we have to take into account in this paper.
• The definition of supersymmetric spin networks. At the first sight, it's simple to define the supersymmetric spin networks. we only need to change the representations associated to edges to the corresponding representations of the supergroups and label the vertex by intertwiner operator appropriately. But after that, to make the spin network well defined, we need to consider the following related questions.
• What's the admissible conditions associated with the trivalent vertex? Or equivalently, can any tensor product of the irreducible representations be decomposed into the direct sum of the irreducible representations? Due to the features of superalgebras their own, we will face some troubles at once, because unlike the Lie algebra, the tensor products of many kinds superalgebras are not completely reducible into the irreducible ones. We could see this trouble elsewhere when we construct the Osp(2|2) spin networks.
[11]
• Could we find a way to evaluate the graphs such that we could consider the action of the operators on the corresponding spin network states and then calculate the spectra of the operators? More explicitly, can every edge be decomposed into ropes, as we do in the case of SU(2)? Namely, can any irreducible representation of the supergroups be constructed from the fundamental representation? We will also see only some special sorts of superalgebras have such features. Furthermore, is it possible to carry out a graphic representation of computing the enclosure of edges?
• Does the set of the corresponding spin network states form a basis for the Hilbert space? To show this, first we need show that any different spin network states are orthogonal and linear independent, second any states in the space can be decomposed into the sum of the spin network states.
To answer these questions, in this paper we extend the strategy in SU(2) spin networks to a special kind of supersymmetric spin network which is equipped with superalgebra
Osp(1|2n). The analysis of this special one will lead to some general comments on the construction of supersymmetric spin networks with other superalgbras.
But before we do that, let us recall some basic facts related to superalgebras in the last part of this section. Superalgebras and supergroups were proposed in physics to construct the supersymmetric model in which bosons and fermions are placed in the same supermultiplet and they could change into each other under the supersymmetric transformation. In fact, every superalgebra or graded algebra contains two kinds of generators. One is even which is the bosonic part and the other is odd corresponding to fermionic part. Contrasting to the ordinary algebras, the even generators of the superalgebra are associated with the commuting parameters while the odd ones are associated with the anti-commuting parameters. A special kind of superalgebra is classical simple Lie superalgebra, whose odd part is completely reducible into one or two irreducible subspace. Its classification and representation is given in the fundamental paper by Kac [13] . 3 Osp(1|2n) spin networks
Definition
First let us concentrate on a special kind of spin networks with superalgebra Osp(1|2n) = B(0, n) [14] , which is a subset of the orthosympletic Lie superalgebras Osp(M|2n) 3 . Its even part is O(1) Sp(2n) and the Dynkin diagram is shown in Fig.(1) . The finite dimensional a 1 a 2 a n−1 a n
irreducible representation is characterized by its highest weight Λ = (a 1 , a 2 , ...a n ) which takes the form
where ω i (i = 1...n) is the fundamental weight and the coordinate a i (i = 1...n) has to be nonnegative integer. The Sp(2n) representation containing in the representation can be read out from the diagram directly by replacing the odd root a n by b n = 1 2 a n . Correspondingly, we assign the edge in Osp(1|2n) spin networks is labeled by e i which is defined as a partition of (a 1 , ..., a n ). In the language of spin networks we also call the weight coordinates colors of the edge. In the simplest case of n = 1, we see the representation of superalgebra is labeled by only one integer e 1 = 2j 1 , and the corresponding spin networks is discussed in detail in [10] .
Elements: edges and vertices
As we mentioned above, in general there are two kinds of representations of the superalgebra. One is typical, and the other one is atypical. However, superalgebra Osp(1|2n) has a remarkable feature. It has only typical representation. The fundamental representation is labeled by weight coordinates (1, 0, ..., 0), and the basis vector of the representation is 2n + 1 dimensional and contains one boson and 2n fermions.
where ψ A is the fermionic part of the representation and A = (1, ..., 2n) is the spinor index of The higher finite dimensional representations of the superalgebra can be obtained by symmetrizing and anti-symmetrizing the fundamental representations [16] . Note that in the simplest case of n = 1, we only need take the symmetrization procedures since the antisymmetrization of two spinor indices will be identical to the trivial representation. In context of Young tableaus, we have only one row of boxes. However, for n ≥ 2, we need take both symmetrization and anti-symmetrization procedures to obtain all the finite dimensional irreducible representations. For instance, we consider the tensor products of two fundamental representations, we can symmetrize two basis vectors which is defined as,
Also we can antisymmetrize them as
where g(α) is the grade of the index. For fermionic indices, it's one and for bosonic it's zero.
If we denote the symmetrization by square box in the graph, and antisymmetrization by a circle labeled by the number of ropes under consideration, then the unit elements of the supergroup under these representations are illustrated in Fig.(3) . (7) are not equivalent.
Continuously taking the antisymmetrization procedures on fundamental representations, we will find it has to be terminated as far as more than 2n fundamental representations involve since antisymmetrizing the same index vanishes. To simplify the notation, we only show one line but label the number of ropes which are anti-symmetrized in the circle. We draw it as fig.(8) .
To construct the graphical representation for any highest weight irreducible representation, we need make use of the Young supertableaux. For Osp(1|2n), the construction of Young supertableaux is simple since it has the same shape as the usual Young tableaus of Sp(2n) representation (a 1 , a 2 , ..., a n−1 , 1 2 a n ). The Young tableau associated to Sp(2n) repre- .., a n−1 , 1 2 a n ) is defined as a graph with λ i boxes in the ith row where λ i is related to the Dynkin labels by,
which satisfies
Replacing each box in Young supertableaux by a vertical straight rope and putting them in parallel from left to right, then we define a decomposition of the edge by symmetrizing or antisymmetrize them corresponding to their positions in Young supertableaux. As a result, if an irreducible representation is obtained by taking both symmetrization and antisymmetrization procedures, we find there are several inequivalent graphic representations.
For example, the representation (1, 1, 0, 0, ..., 0) could be realized by graphs illustrated in fig.(9) .
In conclusion we find the edge in spin networks can be decomposed into some components which are the combination of some symmetrized or antisymmetrized ropes. An example of the decomposition is shown in Fig.(10) .
Next we consider the vertex and intertwiners in spin networks. In context of representation theory, it's equivalent to concern the tensor product of irreducible representations.
we note that the only Lie superalgebras for which all finite dimensional representations are completely reducible are the direct products of Osp(1|2n) superalgebras and semi-simple
Lie algebras (Djoković-Hochschild theorem [17] ). In context of spin networks, we will have no trouble to connect the edges together at the same vertex. we only need to find out the appropriate admissible conditions and label the vertex by the correct intertwiners, which corresponds to finding the Clebsch-Gordan series for the tensor products of the irreducible representations. To be able to do that, the possible way is to decompose the edge into the direct sum of ones in ordinary Sp(2n) spin networks since the tensor product of two Sp(2n) representations are discussed and the CG coefficients are computable [18] . Next let us go back to consider the decomposition of super edges into the ordinary Sp(2n) edges. In the case that only symmetrizations involve, the edge will decomposed into two components, Figure 10 : The rope components of general edges which is illustrated in fig.(11) . Figure 11 : The rope components of general edges However, if both symmetrization and anti-symmetrizations are involved, then we would find the terms will be more than two, and the specific calculation is possible to carry out.
Normally we have the following strategy to obtain all the terms in ordinary Sp(2n) spin networks. The first term in Sp(2n) spin networks has the same shape as the super one, then we divide the ropes into symmetrized groups in which each rope is symmetrized with one another, then pick out at most one rope from each symmetrized group in turn and replace them by the dotted lines such that will get all the graphs in terms of the ordinary Sp(2n) spin networks. Finally we still need kick out any graph which contains at least two dotted but antisymmetrized lines since it vanishes. Among all the graphs remaining, we also have to identify some equivalent graphs and maybe it's a little complicated work. However, in context of Young supertableaux, the procedure is simple. We find the supertableaux of Osp(1|2n) can be decompsed into the direct sum of ordinary tableaux by removing at most one box from each row. So maybe another practical way is to do the decomposition in context of Young tableaux and then transform the Young diagram into edges of the spin networks. For example, the super one (1, 1, 0 , ..., 0) can be decomposed into four Sp(2n) terms as shown in fig.(12) . Then the tensor product of two edges in super spin networks will correspondingly be decomposed to direct sum of the tensor products of edges in Sp(2n) spin networks.
Evaluation
In this paper we haven't carried out a specific calculation for the evaluation of Osp (1|2n) spin networks yet. However, based on the following analysis, we would like to claim that it is definitely possible to do so due to the features of Osp(1|2n) superalgebra. Basically we have two ways to evaluate such super spin networks. One way is to decompose the super one into the ordinary Sp(2n) spin networks, as we argued above; the other way is given as follows. [15] shows that there is a one-to-one correspondence between the graded representation of 1|2n) (a 1 , . .., a n )) = dim(ρ ′O(2n+1) (a 1 , ..., a n )).
Moreover, the multiplicity of any weight is the same for both representations. As a direct application of the argument, consider the tensor products of both irreducible representations having the same highest weights, then we can see the Clebsch-Gordan (CG) series coincide, in particular, since the tensor products are completely reducible, their CG series can be obtained by counting the multiplicities of their weights.
So far, the one-to-one correspondence also give us an alternative practical way to evaluate the Osp(1|2n) spin networks by studying the O(2n + 1) spin networks, which should be easy to carry out at first.
In the last part of this section, we conjecture some examples that could be worked out in the future. One is the closure of any edge, namely, the supertrace of the unit element of supergroup Osp(1|2n) in such finite irreducible representation. Note that the supertrace of supergroups is defined as
where we suppose the matrix representation of the supergroup has a structure, We find the closure of the edge is non-zero number. Thus we could expect the identity drawn in fig.(14) is evident. They would also be applied to the non-perturbative quantization of eleven dimensional supergravity when we consider the actions of the operators.
For instance, if we consider the quadratic Casimir operators and their eigenvalues 5 . In loop quantum gravity, this kind of operators is related to the area observable.
= Figure 14 : Identity where (|) is defined as the inner product of the weights and ρ is defined as,
The supertrace not being zero has more important meaning when we define super spin network states and form the Hilbert space. This good feature will allow us to define generalized "Ashtekar-Lewandowski" (AL) measure on the space, moreover, to show the spin networks states form a basis of the space.
Hilbert Space
In this part we begin with the integration theory on supergroup manifold, and then apply it to spin network states.
Given a manifold M, we define a Lie superalgebra Osp(1|2n) valued connection 1-form A. For instance, in eleven dimensional space time, we can define the Osp(1|32) connection as follows, Therefore they are functions of group manifold as well. Then the inner products can be defined by means of taking the integration on the group manifold, as we know, a unique, both left-and right-invariant measure can be defined on it.
Now we extend all the construction mentioned above to the supersymmetric case of Osp(1|2n). First note the super loop variables can be defined by means of the holonomy of super connections A, for details we refer to [19] .
Note that U is an element of supergroups Osp(1|2n). The loop states can be defined as
where γ is a loop in space time manifold with γ(0) = γ(1). Though the holonomy is not gauge invariant, but their supertrace is gauge invariant indeed.
It's well known that there is a probability measure, Haar measure, for the compact Lie groups such that we could define a unique normalized both left-and right-invariant integration, namely,
where g 0 , g 1 are any group elements and f (g) is also an arbitrary function of g. The generalization of Haar integral for Lie supergroups was discussed in [20] . We refer to that paper for more details on the integration theory on supermanifold. Here we point out that in particular case of Osp(1|2n), we can also define a generalized Haar measure on the space of functions on supergroup which are both left-and right-invariant 6 . Therefore it's possible to develop a positive integration theory on the space of connection, A. Here we define the generalized Haar measure on supergroup Osp(1|2n) as:
αβ dg = 0, ρ = 0.
Next we consider the definition of inner product of spin network states. Associate to every spin network, we can define a corresponding spin network state in the Hilbert space.
To show that the set of spin network states does form a basis for the state space in the case of Osp(1|2n), we carry out the following procedures. In spin networks we know a connection is simply to assign a group element, U e to each edge of the graph e by taking the holonomy of the connection A in the irreducible presentation ρ e along the edge. In hence, the space of connections in context of spin networks is
which is the finite product of group G and the measure is defined as
We call this measure the generalized Ashtekar-Lewandowski measure. Now we could define the inner product of two spin network states by means of cylindrical functions.
Consider a spin networks Γ(e i , v j ), we define the cylindrical functions, Φ f Γ , which only depend on the holonomies of the connection A. Using the generalized Haar measure on [G] n .
we then define the scalar product of two cylindrical functions as,
The Hilbert space on which ρ l is defined can be denoted as H ρ l . Hence the total Hilbert space associated to the spin networks can be defined as the tensor product of these spaces,
where e i are edges meeting at the same vertex v j . In case of Osp(1|2n), since any products of finite dimensional irreducible representations are completely reducible, namely,
correspondingly we find the tensor products of the Hilbert spaces can be decomposed into the direct sum of Hilbert spaces on which the irreducible representation of Osp(1|2n) are defined,
Furthermore we can decompose the Hilbert space as the direct sum of the functions on all the irreducible representations and its conjugate:
Next to show that the spin network states are orthogonal and linear independent, we exploit th generalized Peter-Weyl theorem:
Theorem: let ρ be the irreducible representation of Osp(1|2n) with the highest weights
, be the matrix element of ρ i , then:
1.
2.
3.
¿From the formula above, we note that the non-zero supertrace plays an important role.
However for the supergroups whose supertrace vanishes, then we would maybe have some trouble to find the generalized Peter-Weyl theorem.
Now making use of equations (26) and (27) in the generalized Peter-Weyl theorem, and following the procedures in [4] , it's straightforward to show the Osp(1|2n) spin states are orthogonal,
At the same time, using the equation (25) we can show the set of spin network states is completed such that any state in the Hilbert space can be expressed into the sum of the Osp(1|2n) spin network states,
Therefore the spin network states do form a basis for the Hilbert space L  (A/G).
Finally we point out that in the case of quantum deformed superalgebra, we could also construct the q-deformed spin networks and the corresponding spin network states, which will have important application when we study the casual evolution of the spin networks and supersymmetric spin foams. In the q-deformed case, the ordinary sum of two superspins
can not give a third superspin any more when q is not equal to one. The notion of co-product has to be introduced. The generalized Peter-Weyl theorem for U q (osp(1|2n)) is given in [21] .
In the class of Osp(1|2n) spin networks, we are particularly interested in the case of n = 16, namely Osp(1|32), since this superalgebra is related to the eleven dimensional supergravity [22, 23, 24] and M theory [25] . As we know, in eleven dimensional supergravity, the Superpoincare algebra with two and five form central charges are obtained by taking a Inonu-Wigner contraction of Osp(1|32). This superalgebra has many facets in different dimensions which is studied in [26] . As a result, we expect the Osp(1|32) spin networks will take its own advantages when we try to carry out a background independent and nonperturbative quantization of the eleven dimensional supergravity, and M theory.
Osp(N |2) spin networks
In previous section we have described Osp(1|2n) spin networks following the proposal we give in overview. In this section we will discuss Osp(N|2) spin networks briefly. We are interested in this kind of spin networks because they are related to the chiral supergravities [27] . But in this class the case of N = 2 is different from the others since the even part of this superalgebra is SO(2) × Sp(2) such that the first number a 1 of Dynkin labels can be any complex number, however for the others it has to be non-negative integer. Its construction and application to supergravity are studies in [11, 28] . Here we consider the general case when N is larger than two.
The basis vectors of the fundamental representation of Osp(N|2) span a N +2 dimensional vector space. Similar to the case of Osp(1|2n), its higher finite dimensional irreducible representations can be obtained by standard symmetrization and anti-symmetrization procedures on fundamental representation. Therefore, in context of spin networks, we can decompose the edge into ropes.
In fact any representation of basic Lie superalgebra can be decomposed into the direct sum of irreducible representations of the even subalgebra, which means any edge in super spin networks can be decomposed into sum of normal edges which labeled by the irreducible representations of the even subalgebra. In case of Osp(N|2), we can decompose the Osp(N|2)
spin networks into the direct sum of the ordinary spin networks with SO(N) Sp(2). In particular, if only the symmetrization procedures are considered, we have simple decompositions. Fig.(15) illustrates the basic one which has the color (2, 0, ..., 0). Since the SO(N)
A' However, unlike the case of Osp(1|2n), some questions arise in Osp(N|2) case as we try to construct the Hilbert space based on spin network states. As we mentioned before, both typical and atypical representations are present for other superalgebras except Osp(1|2n).
The key difference of these two types of representations is that all the typical representation is either irreducible or completely reducible, however, the atypical one maybe is not completely reducible (i.e., reducible but not decomposable). In group theory, there is a simple meaning of complete reducibility, namely the representation space should be a Hilbert space and the representation should be unitary. Correspondingly in context of spin networks we will meet some serious problems to show the corresponding spin net work states form a basis for the Hilbert space. In this case, we don't know there exists some kinds of generalized Peter-Weyl theorem, though the left-invariant Haar integral for such supergroups are also discussed in [20] . But Let us note there are some classes, which are called star representations and graded star representations in irreducible representations of the superalgebras [14, 29] . Inside each class the complete reducibility is reserved indeed and the CG series can be given also. Thus, spanning spin network states in such subspaces, we still expect they could be well defined to form a basis for such Hilbert spaces. Note that in quantum gravity, only the physical Hilbert space is what we want finally. So it's quite interesting to find some self-consistent subset of spin networks which are well defined and investigate the possible applications to quantum theory.
In the end of this section, let us make a summation by listing the correspondence between the construction of spin networks and the representation theory of the superalgebra.
Spin networks
Representation 
Discussions
In this paper we have presented a general introduction to the construction of supersymmetric spin networks. All the strategy in ordinary SU(2) spin networks can be employed to the case of Osp(1|2n) spin networks. In particular the spin network states form a basis for the Hilbert space L  (A/G). But normally it's becoming more complicated to carry out a practical way to evaluate the spin network graphs, as in general both symmetrization and antisymmetrization procedures are involved in higher finite dimensional irreducible representations. However, it's definitely plausible to give a specific calculation on evaluation of graphs in the future by following strategies given in present paper. On the other hand, due to the properties of the superalgebra, it's unclear if we could construct spin network states as the basis of Hilbert space based on any kind of superalgebra. Here we only discussed the Osp(N|2) spin networks briefly and found this problem should be concerned seriously.
To apply spin-network techniques to quantum supergravities and Yang-Mills theory is very promising and important. At root they are powerful tools to quantize gauge theories along the non-perturbative and background independent approach.
First we expect the corresponding spin network states would be applied to construct the Hilbert space of quantum supergravities. In this framework we could find a practical way to consider the action of the operators, and calculate the spectra of the observables. In [10] , we have made a first step to calculate the spectrum of area operator in N = 1 Chiral supergravity, and the extension to the case of N = 2 is also done in [11] .
Second we propose the holographic hypothesis [30, 31] can be testified in the framework of non-perturbative quantum supergravities. This conjecture has been testifies in N=1 and N=2 supergravity respectively [28, 32] . It is the supersymmetric spin networks that make it possible to count the number of degrees of freedom on the boundary such that we find the relations between the area of the boundary and the number of the states do satisfy
Bekenstein's conditions.
Until now we only take into account for the finite dimensional representation of the superalgebra. It is worth studying what role the spin networks will play if we consider the infinite dimensional representation of the superalgebra. also grateful to the theoretical physics group at Imperial College for hospitality when part of work was done there. This work was supported by the NSF through grant PHY95-14240 and a gift from the Jesse Phillips Foundation.
